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Abstract 

In this paper, we will obtain the weak type estimates of intrinsic square 
functions including the Lusin area integral, Littlewood-Paley g-function 
and (;J-function on the weighted Morrey spaces for < k < 1 and 

w e Ai. 
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1 Introduction and main results 



Let 



pn+l _ jmn 



■ (t2 + |£c|2)(" + l)/2 



(0,oo) and (ptla^) — t^'^^p{x/t). The classical square function 
(Lusin area integral) is a familiar object. If u{x,t) ^ Pt * f{x) is the Poisson 
integral of /, where Pt{x) — Cn , ,^Jm„^,-.,., denotes the Poisson kernel in 

by (see [16] and [17]) 

S{f){x) 



n+i rpj^gj^ define the classical square function (Lusin area integral) iS'(/) 



\S/u{y,t)\ t^-'' dydt 



1/2 



where T(x) denotes the usual cone of aperture one: 

r{x)^{{y,t)eRl+':\x-y\<t} 

and 



|V?/(2/,0| 



du 
'dt 



E 



du 



Similarly, we can define a cone of aperture /3 for any /3 > 0: 

Tp{x)^{{y,t)e«l+^ : \x-y\<l3t], 
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and corresponding square function 

1 /2 

SMx)^ ^ ^\\/u{y,t)\h'-"dyd?j . 

The Littlewood-Paley ^-function (could be viewed as a "zero-aperture" version 
of S{f)) and the 5^-function (could be viewed as an "infinite aperture" version 
of S{f)) are defined respectively by 

/roc 9 ^ 

9{f){^) - (^y^ \^u{x,t)\ tdt 

and 



An 



1/2 



^^^^^^^^=UVl^TF^j |v.(.,.)|t-d,dtj , A>i. 

The modern (real- variable) variant of S 13(f) can be defined in the following 
way (here we drop the subscript /? if /? = 1). Let i/' G C°°(R") be real, radial, 
have support contained in {x : \x\ < 1}, and ip{x)dx = 0. The continuous 
square function S.^_i3{f) is defined by (see, for example, [2] and [J) 



fn+l 



In 2007, Wilson [25| introduced a new square function called intrinsic square 
function which is universal in a sense (see also [26]). This function is indepen- 
dent of any particular kernel V', and it dominates pointwise all the above-defined 
square functions. On the other hand, it is not essentially larger than any par- 
ticular Sii,,p{f). For < a < 1, let Cq be the family of functions ip defined on 
R" such that (p has support containing in {x E M" : \x\ < 1}, /g,, ip(x) dx — 0, 
and for aU x,x' eW"-, 

\Ax)-Ax')\<\x-x'r. 

For {y,t) e M"+^ and / G LjA^''), we set 



Aa{f){y,t) = sup |/*(^t(y)| = sup 



'fitiy- z)f{z)dz 



Then we define the intrinsic square function of / (of order a) by the formula 

> 1/2 

, 2 dydt 

We can also define varying-aperture versions of Sa{f) by the formula 

/ \ 1/2 

2 dydt \ 
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The intrinsic Littlewood-Paley g-function and the intrinsic 5^-function wih be 
given respectively by 



1/2 



and 




1/2 



A > 1. 



In and [5^, Wilson has established the following theorems. 

Theorem A. LetO <a<l, l<p<oo andw € Ap(Muckenhoupt weight class). 
Then there exists a constant C > independent of f such that 



Theorem B. Let < a < 1 and p ~ 1. Then for any given weight function w 
and A > 0, there exists a constant C > independent of f and A such that 



where M denotes the standard Hardy-Littlewood maximal operator. 

Moreover, in |12) . Lerner showed sharp L^^ norm inequalities for the intrinsic 
square functions in terms of the Ap characteristic constant of w for all 1 < p < 
00. For further discussions about the boundedness of intrinsic square functions 
on some other weighted spaces, we refer the reader to [TUJ [121 HOI HSl [23- 

On the other hand, the classical Morrey spaces C^'^ were first introduced by 
Morrey in [13] to study the local behavior of solutions to second order elliptic 
partial differential equations. Since then, these spaces play an important role 
in studying the regularity of solutions to partial differential equations. For the 
boundedness of the Hardy-Littlewood maximal operator, the fractional integral 
operator and the Calderon-Zygmund singular integral operator on these spaces, 
we refer the reader to [1] IH [15] . For the properties and applications of classical 
Morrey spaces, see [6] [7] and the references therein. 

In 2009, Komori and Shirai [H] first defined the weighted Morrey spaces 
U'''^{w) which could be viewed as an extension of weighted Lebesgue spaces, 
and studied the boundedness of the above classical operators on these weighted 
spaces. Recently, in [18l[Tll[2Tl[22], we have established the continuity properties 
of some other operators on the weighted Morrey spaces LP''^{w). 

In [19] , we studied the boundedness properties of intrinsic square functions 
on the weighted Morrey spaces LP''^{w) for all 1 < p < 00, < k < 1 and 
w € Ap. As a continuation of this work, the main purpose of this paper is to 
investigate their weak type estimates on the weighted Morrey spaces L^''^{w) 
when < K < 1 and w Cz Ai. Our main results in the paper are formulated as 
follows. 



SM)\\Ll<C\\f\\L?„- 



W 
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Theorem 1.1. Let 0<a<l,0<K<l and w G Ai. Then there is a constant 
C > independent of f such that 

II'^"(/)ILli.«(») - c'll/llii'-w- 

Theorem 1.2. Let < a < 1, < n < I and w € Ai. If X > (3n + 2a)/n, 
then there is a constant C > independent of f such that 

\\9*X.M)\\wL^.-{n,) - ^llfh^-H^)- 

In [25], Wilson also showed that for any < a < 1, the functions Sa{f){x) 
and ga[f){x) are pointwise comparable. Thus, as a direct consequence of The- 
orem 1.1, we obtain the following 

Corollary 1.3. Let 0<a<l, 0<k<1 and w € Ai. Then there is a 
constant C > independent of f such that 

\\9M)\\wL^.'-(w) - C|l/IUi'''(«')- 



2 Notations and definitions 

The classical Ap weight theory was first introduced by Muckenhoupt in the study 
of weighted L^ boundedness of Hardy-Littlewood maximal functions in [T3] . A 
weight w is a nonnegative, locally integrable function on M", B = B{xo,rB) 
denotes the ball with the center xq and radius rs- Given a ball B and A > 0, 
XB denotes the ball with the same center as B whose radius is A times that of 
B. For a given weight function w and a measurable set E in R", we also denote 
the Lebesgue measure of E by \E\ and the weighted measure of E by w{E), 
where w{E) — w{x) dx. We say that w is in the Muckenhoupt class Ap with 
1 < p < oo, if 

where C is a positive constant which is independent of the choice of B. For the 
endpoint case p = 1, w G Ai, if 

■; — r / w(x) dx < C ■ essinfw(x) for every ball i? C M" . 

\B\Jb ^ ^ - x^B ^ ' ^ 

A weight function w is said to belong to the reverse Holder class RHr if 
there exist two constants r > 1 and C > such that the following reverse 
Holder inequality 

^J^-Ydx) ' <c(^/^^x)dx 

holds for every ball B in M". 

It is well known that ii w ^ Ap with p — 1, then w ^ Aq for all g > 1. If 
w € Ap with 1 < p < oo, then there exists r > 1 such that w E RHr- We state 
the following results that will be used in the sequel. 
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Lemma 2.1 ([S])- Let w £ Ap with 1 < p < oo. Then, for any hall B, there 
exists an absolute constant C > such that 

w{2B) < Cw{B). 

In general, for any A > 1, we have 

w{\B) <C-X'Pw{B), 

where C does not depend on B nor on A. 

Lemma 2.2 (.9^). Let w G RHj. with ?' > 1. Then there exists a constant C > 
such that 

^(^) < c ^^'"^'^ 



w{B) - \\B 
for any measurable subset E of a ball B. 

Lemma 2.3 ([8,). Let w £ Aq with q > 1. Then, for all R > Q, there exists a 
constant C > independent of R such that 



f p^dx<C-R-"'^w{Q{0,2R)), 

J\x\>R F 



l\x\>R F 

where Q = Q{xQ,t) denotes the cube centered at xq with side length I and all 
cubes are assumed to have their sides parallel to the coordinate axes. 

Given a weight function w on M", for 1 < p < oo, we denote by L^(M") the 
weighted space of aU functions / satisfying 

ll/Lr - ( I \f{x)\^w{x)dx\ ^\oo. 



1/p 



Definition 2.4 (fllj). Let I < p < oo, < k < 1 and w be a weight function. 
Then the weighted Morrey space is defined by 

where 

\\f\\LP:-(w) = sup (^^^ \f{x)\''w{x) dx 
and the supremum is taken over all balls B in M" . 

We also denote by WL'P''^{w) the weighted weak Morrey spaces of all mea- 
surable functions / satisfying 

WfWwLp^-iw) = supsup .J. , A • w{{x e B : \f{x)\ > A})^^^ < oo. 

Throughout this paper, the letter C always denote a positive constant inde- 
pendent of the main parameters involved, but it may be different from line to 
line. 
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3 Proof of Theorem 1.1 

First we note that ii w G Ai, then M{w){x) < C ■ w{x) for a.e. x E M" by the 
definition of Ai weights. Hence, as a straightforward consequence of Theorem 

B, we obtain 

Theorem 3.1. Let < a < 1 and w £ Ai. Then for any given A > 0, there 
exists a constant C > independent of f and A such that 

w{{x e M" : \SM){x)\ > A}) < ^ / \f{x)\w{x) dx. 

We are now ready to prove Theorem 1.1. 

Proof of Theorem 1.1. Let / e L^''^{w). Fix a ball B = B{xo,rB) C M" and 

decompose / = /1+/2, where /i = fX2B i X2B denotes the characteristic function 
of 2B. Since (0 < a < 1) is a sublinear operator, then for any given A > 0, 
we write 

w{{x G B : \SM){^)\ > ^}) 
<w{{x e B : |5„(/i)(ar)| > X/2})+w{{x e B : |5„(/2)(a;)| > A/2}) 

= /l+/2. 

Lemma 2.1 and Theorem 3.1 yield 

/i<y/ \f{y)\w{y)dy 
C-w{2BY 

< -j^ \\f\\L^'-(w) 

^ II/IIli. -(«;)• 

We now turn to estimate the other term I2. For any <^eCa,0<a< 1 and 
{y,t) € r(x), we have 

\f2*Vt{y)\= / ipt{y- z)f{z)dz 

J{2BY 

<C-t-" [ \f{z)\dz 

J(2B)'=n{z:\y-z\<t} 

00 ^ 

<c-t--Y. i/wi^^- (1) 

j^l J(2i+^B\2iB)n{z:\y-z\<t} 

For any x e B, {y,t) € T{x) and z € {2^+'^B\23B) B{y,t), then by a direct 
computation, we can easily see that 

2t>\x-y\ + \y~z\>\x-z\>\z- xo\ - |a; - xo| > 2^'-Vb. 
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dt 

„. , f2n+l 



z)\dz 

1/2 



' dydt 



1/2 



(2) 



Thus, by using the above inequaUty (1) and Minkowski's inequahty, we deduce 

/ \ 1/2 

/ / *""E/ i/( 

J2i-^rB J\x-y\<t J2i+'^B\2iB 

<cff; / \f{z)\dz)(f 

\ j^l J 23 + ^^3X23 B / \J2: 

oo 

It follows directly from the Ai condition that 

^t^g^t.J/WM.).*^ 

< C||/|Ui,.(^) • g ^(2i+iB)i-«- 

Since w e Ai, then there exists a number r > 1 such that w G RHj.- Conse- 
quently, by Lemma 2.2, we obtain 

(r-l)/r 



wiB) 



< C 



B 



(4) 



Hence, for any x £ B, 



1 °° / 1 
|5„(/2)(a;)| < ■ E ( ^ 



(l-K)(r-l)/r 



< c||/|Ui..(^) 



(5) 



where in the last inequality we have used the fact that (1 — K)(r — l)/r > 0. If 
{x e B : \Sa{f2){x)\ > A/2} = 0, then the inequality 



h < 



A 



holds trivially. Now we may suppose that [x £ B : \Sa{f2){x)\ > A/2} ^ 0, 
then by the pointwise inequality (5), we have 

A<C||/||ii,.(^) 



w{B) 



l-K ' 
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which is equivalent to 



Therefore 

Summing up the above estimates for I\ and I2, and then taking the supremum 
over all balls B C M" and all A > 0, we complete the proof of Theorem 1.1. □ 

4 Proof of Theorem 1.2 

Before proving the main theorem in this section, let us first establish the fol- 
lowing results. 

Lemma 4.1. Let < a < 1 and w e Ai. Then for any j € Z+, we have 

||5a,24/)|L. <C-2^'"/l<5«(/)||^.. 

Proof. Since w G Ai, then by Lemma 2.1, we know that for any {y,t) G M""^^, 

w{B{y,2H))=w{2^B{y,t))<C-2^"w{B{y,t)) j = l,2,.... 
Therefore 

||'5a,2.(/)||^2 = J^^ (^"^-^^^^'^0 ^l^-2/l<2^*^)"'(^)^^ 

= II A l w{x)dx)(AM){y,t)y^ 
c.2^- If (I w{x)dx)(AM){y,t)y^ 



< 



= C-2^"||54/)||^^. 
Taking square-roots on both sides of the above inequality, we are done. □ 

Theorem 4.2. Let 0<a<l,w£Ai and A > {3n + 2a) /n. Then for any 
given a > 0, there exists a constant C > independent of f and a such that 

w(^{x e M" : \9l,M){x)\ >c^})<^ j^^ \f{x)\w{x) dx. 
Proof. First, from the definition of g\a, we readily see that 

An 
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E 

i=i 



i-^t<\x-y\<2it \i + \x ^ y\ 



■dydt 



i=i 

Then for any given cr > 0, it follows from the above inequality (6) that 



(6) 



{{xeW^:\glM)i^)\>a]) 

({xeM" : >a/2}) +^({xeM" : | ^ 2--'"^"/25„,2, (/)(x) | > a/2}) 



< w 
= 1+11. 

Using Theorem 3.1, we can get 

I< - / \fix)\w{x)dx. 

In order to estimate the term II, for any fixed a > 0, we apply the Calderon- 
Zygmund decomposition of / at height a to obtain a sequence of disjoint non- 
overlapping dyadic cubes {Qi} such that the following property hold (see [17]) 



Setting E — [J-Qi. Now we define two functions g and b as follows: 

^ fix) if a; G 



(7) 



and 



5(a:) = /(.T)-g(.T)=^6,(x), 



where bi{x) — b{x)xQiix)- Then we have 

\g{x)\ <C-a, a.e. x e W (8) 

and 

/(rr) = six) + b{x). (9) 
Obviously, suppbi C Qj, bi{x) dx = and ||foi||Li < 2 |/(a;)|(ia; by our 
construction. Now for j = 1, 2, . . ., since Sa^2i {f){x) < Sa^2i {9){x)+Sa^2i {b){x) 
by (9), then it follows that 



ll<w([x eW^ ■.\Y,2-=^^I^S^,:,,{g){x)\> a/^]) 

00 



III+IV. 
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Observe that w G Ai C A2 and A > 1. Applying Chebyshev's inequality, 
Minkowski's inequality, Lemma 4.1 and Theorem A, we obtain 



III<^ 



2 



< 



C 



\Ll 
2 



^ <^ II l|2 



< 



Moreover, by the inequality (8) and the Ai condition, we deduce that 
hWli <C -a j \g{x)\w{x) dx 

Cai [ \f{x)\w{x)dx+ [ \g{x)\w{x) dx] 

<C a[ / |/(x)|'u;(a;)da; + Y]essinf'u;(y) / \f{y)\dy 

<C a{ [ \f{x)\w{x)dx+ [ \f{y)\w{y)dy] 
<C-<T I \f{x)\w{x)dx. 

c 



So we have 



III < 



\f{x)\w{x) dx. 



To deal with the last term IV, let Qj? = 2^fnQi be the cube concentric with Qi 
such that tiffi) = (2yJn)l{Qi). Then we can further decompose IV as follows. 



00 

% J-1 

CSO 

+ t«({x^UQ? : |^2-^-^"/X2.(&)(a=)| >a/4}) 



:IVW+IV(2). 
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Since w € Ai, then by Lemma 2.1, we can get 

i i 

Furthermore, it follows from the inequality (7) and the Ai condition that 
IV^i) <Cy2-- essmiwiy) f \f{y)\ dy 

<- 1 \fiy)My)dy 

<-/ \fiy)\w{y)dy. 
Thus, in order to finish our proof, we need only to prove that 



c 



\f{x)\w{x)dx. 



Denote the center of Qi by q. For any (p G Ca, < a < 1, hy the cancellation 
condition of bi, we have that for any {y,t) € r2j (a;). 



lih *Vt){y)\ 



< 



/ [n{y - z) - <fitiy - Ci)]bi{z) dz 

JQ, 

jQif\{z:\z-y\<t} l"^" 

hi{z)\dz. (10) 



<C- 



in+o 



Qin{z:\z-v\<t} 



In addition, for any z & Qi and x € {QtY, we have I2; — Ci| < -l^^^ii. Thus, for 
all {y, t) e {x) and |2 — y| <t with z e Qi, we can deduce that 

\X Ci\ 



t + 2^t > \x — y \ + \y — z\ > \x — z\ > \x — Ci\ — \z — Ci\ > 



(11) 



Hence, for any x € {QiY, by using the above inequalities (10) and (11), we 
obtain 

„ . , \ 1/2 



\Sa,2iibi){x) \ = y 


/ / ( sup 1 







<c-i{Qiy 



\hi{z)\ dz 



Qi 



dydt 



1/2 



^ ^2(n+a)+n+l 
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dt 



1/2 



Ix-cJ f2(n+a) + l 



This estimate together with the Chebyshev's inequaUty yields 
IV(2) < - / V 2-^'^"/25„ 2J (&) w{x) dx 

< - E 2"''^"^' E ( / '5«.2^- ibi)ix)w{x) dx] 

< £ (J . £ , ^^^^^ p^^] 

where the last inequahty holds under our assumption of A > (3n + 2a) /n. On 
the other hand, since w G Ai c ^i+q/„, then by Lemmas 2.3 and 2.1, we get 

/ r^^^^dx = f ^dy 

< C ■ eiQiy^'-'^wi (Q(0, 2V^i{Qi))) 
= C ■ l{Qi)-^-<'w{Q{cu 2^i{Qi))) 
<C-£{Qi)-^-"w{Qi), 

where 'Wi{x) = w{x + Cj) is the translation of w{x). It is obvious that wi G Ai 
whenever w G Ai. Hence, by using the Ai condition again, we obtain 



< -Eessinfu;(0) / \f{z)\dz 
<- [ \f{z)\w{z)dz, 



which is just our desired conclusion. Summarizing the estimates for I-IV derived 
above, we thus complete the proof of Theorem 4.2. □ 

We are now in a position to give the proof of Theorem 1.2. 
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Proof of Theorem 1.2. Let / € L^-''^{w). As in the proof of Theorem 1.1, we set 
/ = /i + /2, where /i = fx^s ■ Then for each fixed u > 0, we can write 

w([x€B:\gl^{f){x)\>a}) 
< w([x e B : \9lM{x)\ > C7/2}) +w([x G B : \9lM{x)\ > a/2} 

= Jl + J2- 

Theorem 4.2 and Lemma 2.1 imply 

Ji<- [ \f{y)\w{y)dy 

J2B 

C-w{2BY 



< 



a 



< 



C-w{BY . 



l/IUi.''(w) 



We now turn to deal with the term J2. Recall that in the proof of Theorem 1.1, 
we have already showed that for any x G B, 



\SM2){x)\ < cii/iUi. 



1 



w{BY~'^' 



(12) 



On the other hand, for any a; G B, {y,t) G T2i{x) and z € {2''+'^ B\2'' B)nB{y,t), 
then by a simple calculation, we can easily deduce 

t + 2H >\x-y\ + \y-z\>\x-z\>\z- xo\ - \x - xq\ > 2''~Vb. 

Hence, it follows from the previous inequality (1) and Minkowski's inequality 
that 



KMhM = I^Jl^^^^^ (^up I/. . My)\y'^'j 

J\x-v\<2H ;.=ii2'=+i 



(L 



2('«-2-3)rB . 



B\2''B 



\f{z)\dz 



2 \ 

dydt \ 



< 



k=l •'2'=+iB\2'=B 



\f{z)\dz 



2Jn 



dt 



2(fc-2-j), 



^2n+l 



1/2 



00 

< C7 • 23j"/2 V -V— - / 1/(^)1 dz. 



Furthermore, by using the estimates (3) and (4), we can proceed as in (2) and 
get 



\S^,2.{f2){x)\<C-2^'^^/^\\fU...^^y 



(13) 
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Therefore, for any x G B,hy the inequahties (6), (12) and (13), we have 

\9l,M2)ix)\ < C^\SM2){x)\+p^2-^'"/'\S„,2df2){x)\^ 

< g||/HLi.>'(^) ■ ^^^y-^ ' 

where the last scries is convergent since A > (3n + 2a) /n > 3. The rest of the 
proof is exactly the same as that of Theorem 1.1, and we finally obtain 

Combining the above estimates for Ji and J2, and then taking the supremum 
over all balls B CW^ and all cr > 0, we conclude the proof of Theorem 1.2. □ 
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